ABSTRACT. Every closed oriented manifold M is associated with a set of integers D(M ), the set of self-mapping degrees of M . In this paper we investigate whether a product M × N admits a self-map of degree d, when neither D(M ) nor D(N ) contains d. We find sufficient conditions so that D(M × N ) contains exactly the products of the elements of D(M ) with the elements of D(N ). As a consequence, we obtain manifolds M × N that do not admit self-maps of degree −1 (strongly chiral), that have finite sets of self-mapping degrees (inflexible) and that do not admit any self-map of degree dp for a prime number p. Furthermore we obtain a characterization of odd-dimensional strongly chiral hyperbolic manifolds in terms of self-mapping degrees of their products.
The investigation of D(M) is a classical topic which has been used in several contexts to extract information about M, revealing simultaneously an interesting interplay between topology, global analysis and number theory. Obviously, every manifold satisfies {0, 1} ⊆ D(M). In dimensions 1 and 2, all sets D(M) are completely determined. In dimension 3, Wang et al. computed the unbounded sets D(M), mostly following Thurston's geometrization picture; see [22, 19, 23] and the references given there. The set of self-mapping degrees of M is bounded if and only if M does not admit a self-map of absolute degree greater than one, that is D(M) ⊆ {−1, 0, 1}. A manifold with that property is termed inflexible in [4] . So, the only remaining question in dimension 3 is whether an inflexible manifold admits a self-map of degree −1. Prominent examples of inflexible manifolds (in any dimension) are the hyperbolic ones, because hyperbolic manifolds have positive simplicial volume [7] . We refer to [23] for a concise description of the state of the art about D(M) in dimension 3. In higher dimensions, Duan and Wang [5] found a notable criterion, using the intersection form, for the (non-)existence of (self-)mapping degrees between highly connected manifolds of even dimension. 
where D(M) · D(N) := {κ · λ | κ ∈ D(M), λ ∈ D(N)}. However, the converse inclusions do not generally hold; we illustrate this with two examples: Example 1.1. Let N = Σ be a closed oriented surface of genus at least 2. Since Σ is hyperbolic, we conclude that D(Σ) ⊆ {−1, 0, 1}. In addition, Σ admits a self-map of degree −1, being a connected sum of tori. Thus D(Σ) = {−1, 0, 1}. Now, let M be a torus bundle over S 1 with
cf. [19] .
for k = 0, 1, and so the converse of the first inclusion in (1) fails.
, and so the converse of the second inclusion in (1) fails. We note that there exists a variety of examples of manifolds that do not admit self-maps of degree −1. We refer to a result of Belolipetsky and Lubotzky [2] (cf. Theorem 3.1 below) to deduce the existence of hyperbolic manifolds that do not admit self-maps of degree −1 in every dimension ≥ 3. Of course, there exist many other simpler examples of manifolds with that property; see the discussion in Section 3. For instance, if the property P is "−1 / ∈ D(M)", then Example 1.2 says that although a manifold M can have P , the direct product M × M does not necessarily have P (see also Proposition 1.6). Remark 1.3. The latter source of examples, concerning maps of degree −1, has close connections to corresponding concepts of mathematical biology and chemistry, most notably the notions of "chiral knots" and "chiral molecules". Due to this relation, a manifold M satisfying −1 / ∈ D(M) is called strongly chiral; we refer to [14] and the related references there for more details.
The following list of problems from [17, Section 1] and [4, Section 9: Appendix II] (see also [8, Section 5.35] ) is the main motivation for this paper: 
The assumptions of Theorem 1.4 occur naturally quite often. On the one hand, there are plenty of examples of manifolds that do not admit maps of non-zero degree from direct products [9, 10, 12, 16, 15] . On the other hand, the assumption that M cannot be realized by a cohomology class in H m (N; Q) is fulfilled in several instances, e.g. when there is no map of non-zero degree from N to M (if N has the same dimension as M), or, simply, when the dimension of N is smaller than the dimension of M (and so H m (N) is trivial); see Section 3 for examples. For instance, the manifolds M and Σ in Example 1.1 fulfill the assumptions of Theorem 1.4, because M does not admit maps of non-zero degree from direct products [12] and 
inflexible if and only if both M and N are inflexible.
As we have seen in Example 1.2, part (a) of the above corollary does not hold when the requirement that M cannot be realized by a class in H m (N; Q) is violated. In fact, Mostow's rigidity implies that the phenomenon of Example 1.2 characterizes up to isometry strongly chiral hyperbolic manifolds of the same odd dimension. 
In particular, the product of two strongly chiral hyperbolic manifolds of the same odd dimension is strongly chiral if and only if those manifolds are not isometric. Examples of strongly chiral products of hyperbolic manifolds exist when the dimensions of the factors are at least three; see Corollary 3.2.
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2. PROOFS 2.1. Realization of (co-)homology classes by closed manifolds. One of the basic ingredients of the proofs is the following theorem of Thom [20] , which answers in the affirmative (in rational homology) Steenrod's classical problem [6, Problem 25] of the realization of (integral) homology classes by closed manifolds: Theorem 2.1 (Thom's Realization Theorem [20] ). Let X be a topological space. For every w ∈ H n (X; Z) there is an integer d > 0 and a closed oriented smooth n-dimensional manifold M together with a continuous map f :
In particular, every rational homology class in degree n is realizable by a closed oriented smooth n-dimensional manifold.
In the proof of Theorem 1.4, we will use the dual version of Thom's theorem in cohomology. Namely, if α ∈ H n (X; Z), then Theorem 2.1 states that there exists an integer d > 0 and a closed oriented smooth n-dimensional manifold M together with a continuous map f :
is the cohomological fundamental class of M.
Proof of Theorem 1.4. It suffices to show that
The Künneth formula for the cohomology group (with rational coefficients) of M × N in degree l ∈ {0, ..., m + n} is
Let p M : M × N −→ M be the projection onto M and consider the composite map
Since M does not admit maps of non-zero degree from direct products, Theorem 2.1 implies that
where 0 < i, j < m and i + j = m (see also [11] ). Moreover, since ω M cannot be realized by any class β m ∈ H m (N; Q), we conclude that
for some κ ∈ Z.
Similarly, by the Künneth formula (2) in degree n we obtain
where λ i ∈ Z, α n−i ∈ H n−i (M) and β i ∈ H i (N), for i = 0, 1, ..., n; in particular, β n = ω N . Combining (3) and (4), and by the naturality of the cup product, we obtain
Then κ is realized as the degree of the composite map
Similarly, λ n is realized as the degree of the map 
and
for some integers κ, µ, ν, λ; compare (3) and (4) respectively. Also, note that κ ∈ D(M) and λ ∈ D(N), which means that κ, λ ∈ {−1, 0, 1}. If m = n, then β m = 0 or α n = 0, and so (5) and (6) Suppose now m = n. In this case, β m = ω N in (5) and α n = ω M in (6). Thus
Note that µ and ν can be realized as degrees for maps N −→ M and M −→ N respectively (through the maps p M • f • ι N and p N • f • ι M respectively, where ι denotes inclusion and p projection). If µν = 0, then (7) becomes κλ = −1, and so −1 ∈ D(M) ∪ D(N). Suppose now µν = 0. Then µ, ν ∈ {±1}, because M and N have non-zero simplicial volume [7] , and so (7) 
By a classical theorem of Mal'cev on linear groups (or by a result of Sela [18] ), π 1 (M) is Hopfian, which means that (g 2 • g 1 ) * is an isomorphism. Similarly, the map g 1 • g 2 induces an automorphism of π 1 (N). We conclude that each of the g i induces an isomorphism between π 1 (M) and π 1 (N), and so it is a homotopy equivalence. Finally, Mostow's rigidity theorem implies that M and N are isometric. Thus, the only case where the equality
might not occur is when m is odd and M and N are isometric. Let M and N be isometric of odd dimension and h : M −→ N be an isometry. Then an orientation-reversing self-isometry of M × N is given by the map
(Note that the hypothesis that M and N are hyperbolic is not necessary here.) Thus the equality
The proof is now complete.
3. EXAMPLES 3.1. Products, inflexibility and chirality. The non-existence of maps of non-zero degree from direct products (of surfaces) to certain aspherical manifolds was raised by Gromov [8] in his theory of bounded cohomology and topological rigidity. Obstructions to the existence of such maps were developed recently [9, 10, 15, 16] . Prominent examples of manifolds that do not admit maps of non-zero degree from direct products are low-dimensional aspherical manifolds that possess a nonproduct Thurston geometry and manifolds with non-positive sectional curvature that are not virtual products themselves. In particular, as we already mentioned above, no hyperbolic manifold admits a map of non-zero degree from a direct product [9] . Moreover, we have seen that every hyperbolic manifold is inflexible, and so the remaining question is to determine which hyperbolic manifolds are strongly chiral. In dimension 2, every closed hyperbolic surface admits an orientation reversing self-diffeomorphism (see also Example 1.1), however in higher dimensions there is not a complete answer. Nevertheless, the following result of Belolipetsky and Lubotzky [2] implies the existence of hyperbolic manifolds that do not admit self-maps of degree −1 in every dimension ≥ 3: If Γ is of odd order and n ≥ 3, then the hyperbolic manifolds of the above theorem are strongly chiral by Mostow's rigidity theorem, as observed by Weinberger; see [14, Section 3] . Hence, we have the following consequence of Theorem 3.1 and Proposition 1.6, providing examples of strongly chiral products of hyperbolic manifolds: Several other obstructions to the existence of self-maps of degree −1 were developed in the past, using, for instance, the intersection form in dimensions 4n and the linking form in dimensions 4n−1. Among the most standard examples of strongly chiral manifolds are the complex projective spaces CP 2n . Müllner [14] showed that in each dimension ≥ 7 there exist simply connected manifolds that do not admit self-maps of degree −1. Using CP 2n and certain S 2n−1 -bundles over S 2n as the main building factors, the proof given in [14] is based on the following: The proof of above proposition relies on two facts: First, since M is a rational homology sphere, the Künneth theorem gives 3.2. Applications. One of our basic building factors will be hyperbolic manifolds, although we could more generally consider irreducible locally symmetric spaces of non-compact type [13, 9] . 
Observe that the conclusion that any map from CP 2 to M has degree zero can be deduced as well by the fact that CP 2 admits a dominant map from the product S 2 × S 2 (a branched 2-fold covering given as the quotient map of the involution (x, y) → (y, x) of S 2 × S 2 ). This means that CP 2 may be replaced by any strongly chiral, closed oriented 4-manifold N that admits a map of non-zero degree from a direct product. In the same spirit, M can be any strongly chiral closed oriented 4-manifold that does not admit dominant maps from products.
Using the computations of [19] , we can obtain products whose sets of self-mapping degrees do not contain non-trivial multiples of p = 2:
Example 3.5. According to [19, Theorem 1.3] , there exist tori semi-bundles N 1 , N 2 and N 3 possessing the geometries R 3 , Nil 3 and Sol 3 respectively, so that
In particular, 2Z ∩ D(N i ) = {0} for all i ∈ {1, 2, 3}. The manifolds N 2 and N 3 do not admit maps of non-zero degree from direct products [21, 12] (however, N 1 is finitely covered by T 3 by a classical result of Bieberbach). Moreover, they do not exist maps of non-zero degree between N i and N j for i = j; see [21, 12] . Thus, Corollary 1.5 (b) implies that
Furthermore, we can combine Theorem 1.4 with the results of [19] to compute the sets of selfmapping degrees for several classes of products M ×N, where N is any closed oriented 3-manifold that possesses a Thurston geometry, and M is a suitable manifold that does not admit maps of nonzero degree from products. For example: Example 3.6. Let M be a closed oriented hyperbolic manifold of dimension m ≥ 4 and N be a closed oriented 3-manifold that possesses a Thurston geometry. The set D(N) is either {0, 1}, {−1, 0, 1}, or infinite and explicitly computed in [19] . Since M does not admit dominant maps from products [9] Obstructions to the existence of self-maps of absolute degree greater than one can be derived by the positivity of numerical invariants I ∈ [0, ∞] that are monotonous under continuous maps. That is, if f : M −→ M is a map of non-zero degree, then I(M) ≥ | deg(f )| · I(M), which implies that | deg(f )| ≤ 1 whenever I(M) > 0. In this paper, our basic examples of inflexible manifolds (and one of the building factors for constructing products) were the hyperbolic ones, because hyperbolic manifolds have positive simplicial volume. A product of two hyperbolic manifolds M × N is again inflexible, because the simplicial volume satisfies M × N ≥ M N ; cf. [7] . However, simply connected manifolds have zero simplicial volume and the same holds for all products containing a simply connected factor [7] . In fact, it is an open question whether there is a finite semi-norm that does not vanish on a simply connected manifold [8, 4] . Nevertheless, simply connected inflexible manifolds do exist, at least in high dimensions [4, 1, 3] . Using those examples we can obtain inflexible products that contain at least one simply connected factor (and thus have vanishing simplicial volume):
Example 3.7. Let M be a closed oriented manifold with positive simplicial volume that does not admit maps of non-zero degree from direct products, and N be an inflexible, closed oriented simply connected manifold of dimension ≤ dim(M). Since π 1 (M) is infinite (because M > 0), there is no map of non-zero degree from N to M, and so Corollary 1.5 (c) implies that M ×N is inflexible.
We remark that inflexible products of simply connected manifolds were given in [4, Section 9] .
